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Several important processes involve the flaw of three immiscible fluids through porous
media, such as the flow of oil, water and gas in petroleum reservoirs, or water, non-
aqueous-phase liquid and air in underground aquifers. Multiphase flow functions (rela-
tive permeability and capillary pressure) are important to simulate the flow in such
systems. Unfortunately, there are few, if any, reliable estimates of these flow properties
from laboratory experiments. One of the main reasons for this is the use of unsupported
simplifications in the procedures for determining property estimates from measured data.

We present a method for simultaneous estimation of three-phase relative permeability
and capillary pressure functions from laboratory experiments. The method is not limited
by restrictions in the experimental design or assumptions regarding the saturation de-
pendence or shape of the functions to be estimated. The method is demonstrated with
simulated experiments. It is shown that with a suitable experimental design, regions of

the functions represented by the measured data can be determined accurately.

Introduction

The mathematical modeling and simulation of the flow of
fluids through porous media is an essential planning exercise
for many industrial processes, including the production of
fluids from petroleum reservoirs and remediation of under-
ground water resources. The mathematical models are typi-
cally based on continuum representations in which state vari-
ables are defined relative to representative volume elements,
or local volume averages (Bear, 1972; Slattery, 1981). There
are several porous media properties that must be determined
in order to simulate fluid flow. In situations for which there
are multiple fluid phases, relative permeability and capillary
pressure functions are required. These are functions of fluid
saturation; we refer to them here as multiphase flow func-
tions.

It is important to be able to determine these functions from
laboratory experiments on porous medium samples. For ap-
plications concerned with underground reservoirs or aquifers,
it may be desirable to estimate these functions on the basis of
flow data measured at wells (Watson et al., 1980); even so, it
is important to incorporate into the estimation process prop-
erties determined in the laboratory from representative sam-
ples (Yang and Watson, 1991). Laboratory experiments may
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also be used in studies directed to the determination of ef-
fects of various operating scenarios on the properties, such as
additives to injection fluids.

The relative permeability functions are defined through an
extension of Darcy’s law to each fluid phase, namely ;=
—(kk,;/n; )P, /5z. This linear relationship between the su-
perficial velocity and the pressure gradient is adequate for
describing capillary dominated flow, that is, flow for which
the capillary number (N, = w;0;/0) is relatively small (see,
e.g., Dullien, 1992). Under these conditions, the relative per-
meability is independent of the capillary number, depending
only on fluid saturation and its history. Otherwise, the rela-
tive permeability may depend upon the fluid velocity, and
possibly other quantities. As reservoir flow is generally capil-
lary dominated, laboratory experiments should be conducted
under corresponding conditions.

Relative permeabilities cannot be measured directly. In-
stead, displacement experiments can be conducted in which
various quantities are measured, such as pressure drop and
fluid production, and estimates of the relative permeabilities
determined by calculation from an appropriate mathematical
model of the experiment. This calculational procedure is re-
ferred to as the inverse problem. This inverse problem is par-
ticularly challenging since the properties to be estimated are
functions that appear in partial differential equation models.

1957



A simplification of the inverse problem can be obtained if
capillary pressure is neglected. Then, the displacement exper-
iment can be represented by a set of partial differential equa-
tions that can be solved analytically. This solution forms the
basis for a commonly used method in which relative perme-
ability values corresponding to discrete values of saturation
are explicitly calculated based on that analytical solution
(Johnson et al., 1958). This approach has several numerical
problems: it requires calculation of derivatives of data, which
can lead to substantial estimation errors (Tao and Watson,
1984), and it provides estimates of the relative permeability
at only a discrete set of saturation values (Richmond and
Watson, 1990). Furthermore, the effects of capillary pressure
can cause significant estimation errors (Richmond, 1988).
Capillary effects are persistent in these types of experiments,
and elimination of those effects would likely require experi-
mental conditions well outside of the capillary-dominated
regime. It is preferable to account for capillary pressure ef-
fects in solving the inverse problem. In principle, this can be
done by determining the capillary pressure function on the
sample of interest through an independent experiment (see,
e.g., Hassler and Brunner, 1945; Nordtvedt and Kolltveit,
1991), and including the capillary pressure within the mathe-
matical model of the experiment. However, there are a num-
ber of difficulties in running sequential experiments on a sin-
gle sample, including reestablishing wetting conditions and
initial saturation states and ranges. Also, the experimental
time can be inordinately long. The use of properties deter-
mined from a companion sample would lead to estimation
errors of unknown magnitude. It is much more desirable to
determine the capillary pressure and relative permeability
functions simultaneously from a single experiment.

A method has been developed for estimating relative per-
meability and capillary pressure functions simultaneously
from experiments (Watson et al., 1988). The unknown func-
tions are adjusted within a mathematical model of the experi-
ment so that the simulated data “match” the data measured
in the experiment. All the appropriate physical effects can be
incorporated into the mathematical model of the experiment.
The utility of the method has been demonstrated by analyz-
ing dynamic displacement experiments (both conventional
pressure drop and production data (Richmond and Watson,
1990) as well as with in situ saturation measurements (Mejia
et al., 1994)), centrifuge displacement experiments (Nordi-
vedt et al., 1993), and steady-state-type displacement experi-
ments (Nordtvedt et al., 1994).

To date, no method for estimating three-phase flow func-
tions has been presented. All the work directed to three-phase
relative permeabilities has been directed toward pointwise
calculation of those properties, and the estimation of three-
phase capillary pressure has hardly been addressed. Two ap-
proaches have been explored for calculating three-phase rel-
ative permeability values. In the first approach, three-phase
relative permeabilities are predicted from two-phase relative
permeabilities using hypothesized models (see Baker, 1988,
for an overview of such models). The second approach is to
calculate them from production and pressure drop data gath-
ered during displacement experiments on laboratory samples.

The two most commonly used models for predicting three-
phase relative permeability from two-phase relative perme-
ability were developed by Stone (1970, 1973). Both of these
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models use the assumption that each relative permeability is
a function of its own saturation, except for the intermediate-
wetting phase permeability, which is a function of two satura-
tion. Variations of Stone’s models (Dietrich and Bondor, 1976;
Fayers, 1989) and other models (e.g., Aleman and Slattery,
1988; Robinson and Slattery, 1994) have been proposed. Re-
liable methods for predicting three-phase relative permeabil-
ity are clearly desirable since one could avoid the corre-
sponding three-phase experimentation. However, it is essen-
tial that these models be evaluated with actual experimental
data; sufficient laboratory measurements of three-phase flow
functions for this purpose are not currently available.

Three-phase relative permeability values have been calcu-
lated pointwise from steady-state displacement experiments
(Leverett and Lewis, 1941; Caudle et al., 1951; Corey et al.,
1956; Saraf and Fatt, 1967; Schneider and Owens, 1970; Dria
et al., 1990; Oak, 1990; Oak et al., 1990; Oak and Ehrlich,
1988). In the steady-state experiment, two or three fluids are
injected into the core sample with constant flow rates until
the pressure drop no longer changes. At this point, it is as-
sumed that steady-state has been achieved, and fluid produc-
tions (or saturation profiles) and pressure drop are mea-
sured. Then the flow rates are changed and the displacement
continues until another steady-state is achieved. This proce-
dure is repeated several times to generate average satura-
tions (which are computed from material balances if fluid
productions are measured) and pressure-drop values corre-
sponding to one displacement experiment. If one assumes that
the saturation is uniform at each steady-state, relative perme-
ability values corresponding to each average saturation value
can be calculated directly from Darcy’s law. The time re-
quired to perform these experiments can be extraordinarily
long, so relatively few relative permeability values can ever
be expected. Reliable estimation of the entire functions from
such few values is very unlikely. Indeed, it is generally not
attempted. Also, the neglect of capillary pressure can lead to
significant errors in the calculated values.

Dynamic displacement experiments have aiso been used for
estimating three-phase relative permeability. In those experi-
ments, a sample is initially saturated with one or two fluids,
and one or two fluids are injected. Production and pressure
drop data are collected. These experiments can be completed
within several hours, offering a substantial advantage com-
pared to the steady-state experiments (Saraf et al., 1982;
Spronsen, 1982; Sarem, 1966). Relative permeability values
are calculated using an explicit method (Sarem, 1966) that is
an extension of the method of Johnson et al. (1958). The
method is based on the assumption that the fractional flow of
each fluid phase is a function of its own saturation alone.
This assumption has not been supported experimentally; sev-
eral studies with steady-state experiments (see Manjnath and
Honarpour, 1984, for an overview) indicate the relative per-
meabilities are generally functions of two saturations. Some
variations of the Sarem method have appeared (Grader and
O’Meara, 1988; Spronsen, 1982); in particular, Virnosky
(1985) overcomes that assumption. However, none of the
studies overcomes the problems associated with computing
derivatives of measured data, obtaining estimates of the en-
tire functions, or avoiding estimation errors that will result
from the neglect of capillary pressure effects in the analysis.

In sum, the determination of reliable estimates of three-
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phase relative permeability functions from experimental data
is a problem that is largely unworked. Previous studies have
ignored capillary pressure, even though those effects will
likely be significant in experiments run at conditions compa-
rable to those encountered in reservoir flows. Furthermore,
those methods have not provided estimates for the entire
functions.

In this article, we present a method for simultaneous esti-
mation of three-phase relative permeability and capillary
pressure functions from experimental data. The method is
quite general: there are no specific limitations regarding ex-
perimental conditions, and no assumptions are made regard-
ing the dependency of the multiphase flow functions on satu-
ration. We also provide measures of the accuracy of the esti-
mates and show that when sufficient experimental data are
available, accurate estimates of these functions can be ob-
tained. A number of challenges do remain. In particular, we
have not yet demonstrated the method with actual experi-
mental data. Due to the great investment required to run
three-phase relative permeability experiments, we intend to
study various options and merits of different experimental
designs prior to conduct of the experiments. This reported
study provides the required computational tools for such a
study of the experimental design.

Methodology

The process used for estimating three-phase multiphase
flow functions has evolved from a regression-based method
originally presented for estimating two-phase flow functions
(Watson et al., 1988). There are several principal elements. A
mathematical model is selected to represent the displace-
ment experiment. The model should be sufficiently complete
so that all the important physical effects within the experi-
ment are represented by that model. Functional representa-
tions are to be chosen for the multiphase flow functions that
are to be estimated; since ultimately a finite set of data are
collected, our unknown functions must be represented with a
finite number of parameters. The estimation of the proper-
ties can then be posed as a parameter estimation problem, in
which the coefficients within the functional representations
are calculated as those that minimize a suitable objective
function.

In this section, the mathematical model and estimation
procedure used are described. The method used to analyze
the accuracy with which the properties can be estimated from
measured data is also described.

Mathematical model

The mathematical model comprises a Darcy equation and
continuity equation for each fluid phase (Aziz and Settari,
1979):

v. g{:i(v1>,.~pév.z)}=%ﬁa+q[ i=123 (1)
Poy=P,— P, )
Poyy=P3~ P, 3)
S +8,+5;,=1. @
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The subscripts 1, 2 and 3 refer to each of the three immisci-
ble fluid phases. Several finite difference methods have been
proposed to solve this set of coupled, nonlinear partial differ-
ential equations. We solved the system implicitly using a vari-
ation of the simultaneous-solution method (Aziz and Settari,
1979). The solution of the model and the boundary condi-
tions used are discussed by Velazquez (1992).

These equations are quite general, including the effects of
compressibility and allowing for spatial variations of the
porosity and permeability and even zonal variations of the
multiphase flow functions. Mejia et al. (1994) have consid-
ered the estimation of two-phase flow functions where spatial
variation of porous media properties were considered. For
simplicity in this study, we have taken all the porous media
properties to be uniform.

Functional representations

In general for three-phase situations, there are three rela-
tive permeability functions (one for each phase) and two cap-
illary pressure functions (one for each of two fluid pairs; the
function corresponding to the third fluid pair is not inde-
pendent) to be estimated. EBach of these functions will, in
general, depend on two saturations (the third saturation is
not independent). Each function represents a surface on a
plot with two saturations. This situation represents additional
complexities compared to two-phase systems. In those cases,
three functions are to be estimated (two relative permeability
and ome capillary pressure). Each function depends on only
one variable (the saturation), so that they can be plotted as
curves.

The unknown functions to be estimated must be repre-
sented with a finite number of parameters. This is accom-
plished through selection of functional representations for the
properties to be estimated. It is very important that the se-
lected functional representations be capable of accurately
representing the frue (but unknown) functions (Kerig and
Watson, 1986). This is accomplished very well for the two-
phase case through the use of B-splines, since they can rep-
resent any smooth function arbitrarily accurately. At the same
time, B-splines have a number of desirable computational
features (Schumaker, 1981). For the two-phase case, the rela-
tive permeability and capillary pressure functions can be writ-
ten as

ML+ K}
k(S)= Y aBMi(S,y") i=12 Q)
j=1
Mhy+ Ky
P(Sp= ¥ CJ'ZlBJMm(Sl’J’CN)’ (6)
j=1

where M} and K, are the spline order and the number of
knots (simple knots assumed), respectively, for the relative
permeability. Similarly, M), and K, are the spline order
and the number of knots, respectively, for the capillary pres-
sure. The functions B]-M'I(Sl, y%) are the B-spline basis func-
tions, uniquely determined by the spline order (M}!) and the
extended partition vector, y* (i =r1, r2, or ¢21). Further de-
tails on B-splines may be found elsewhere (Schumaker, 1981,
de Boor, 1978). :
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We have extended this approach to the three-phase case
by using bivariate splines for representing the flow functions.
In particular, we have used tensor-product B-splines (Schu-
maker, 1981), which are given by

ML+ K} MIT+ KX

Z )y

=1

k(8,8 = ak,IBk,I(S]vSH’yI’y”)
i=1,2,3 (N
ML+ kb ME+ K]

cif cij Meij cij

CIJ(SI’SII)— Z Z

k=1 =1

B ) (81,8,55 y™)
j=21o0r32, (8

where MX and K% are the spline order and the number of
knots for the relative permeabilities of phase i in the S, di-
rection, respectively. The corresponding quantities for the
capillary pressure between phases i and j are M%; and K.
Directions I and II can be along any two saturation axes.

It should be noted that few studies have ever considered
candidate functional representations for three-phase flow
functions. One study has proposed a power-model represen-
tation that was tested by estimating parameters to fit relative
permeability points (Parmeswar and Maerefat, 1986). Given
the lack of success of these types of models in two-phase cases
(see discussion in Kerig and Watson, 1987), their utility for
this situation is doubtful.

Estimation procedure

The determination of the coefficients within the B-spline
representations are carried out by solving a minimization
problem (Watson et al., 1988; Kerig and Watson, 1986). An
objective function is formulated as a weighted sum of squared
differences between the measured data and corresponding
values calculated from the mathematical model of the experi-
ment:

I(B)=1Y—F(BYW[Y-F(B)) 9

where Y is a vector of data measured in the experiment and
F( B) are the corresponding values calculated with the math-
ematical model of the experiment. The vector B is composed
of the coefficients within the B-splines, which is

I 1 2 2 3 3
B—[al,...,aNﬂ, ATy 8 s A1sees AN s

21
c] 3. aCN21’ Cl 2.

ey 23] (10)
Here, the af are the coefficients in the representation of the
relative permeability for phase j, and the ¢ and c¢}? are the
coefficients for the capillary pressure between phases 2-1 and
3-2, respectively. Note that N, =(ML+ KX MY + K]} for
i=1,23, and N,;; = (MC’” + KC’”)(MCIlIJ KC’,’]) for i =21 and
32. The weighting matrix W is selected according to statisti-
cal criteria so that, with appropriate choices of the mathe-
matical model and extended partition, maximum-likelihood
estimates are obtained (Bard, 1974). Generally, it can be taken
to be a diagonal matrix with entries equal to the inverse of
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the estimated variances of the data measurement errors
(Weisberg, 1985).

The minimization procedure can be speeded and made
more robust by including constraints on the estimated param-
eters. For example, each of the functions is taken to be
monotonic with saturation, and the relative permeability
functions are taken to be nonnegative. These can be imple-
mented as linear inequality constraints (Watson et al., 1988;
Richmond and Watson, 1990; Richmond, 1988):

GB>g. ¢§))

The determination of the value of B that minimizes Eq. 9
was obtained with a trust region implementation of the
Levenberg~Marquardt algorithm that incorporates the linear
inequality constraints (Watson et al., 1988).

Several different procedures have been reported for select-
ing the extended partitions (Watson et al., 1988; Richmond
and Watson, 1990; Nordtvedt et al., 1993). The selection of
the extended partition was not explicitly considered here.

Analysis of accuracy

It is important to determine whether the unknown func-
tions can be determined accurately from the data that are to
be measured in the displacement experiment. We use a Monte
Carlo procedure introduced by Richmond (1988) to evaluate
the estimation of the experiment about the estimated param-
eters (Kerig and Watson, 1986), but includes the linear in-
equality constraints.

Measurement errors are represented as the difference be-
tween the measured data and the corresponding values calcu-
lated with the true parameters:

€e=Y—F(B). 12)

Each set of measurement errors will result in a correspond-
ing set of errors in the parameter estimates:

B=p.— B a3

The parameter errors that correspond to a specific set of
measurement errors are obtained solving the following mini-
mization problem:

min H(6B)=[e — A,681"Wle — A4,5B8] (14)

subject to: G&f = g — GB,.

Pointwise confidence intervals for the estimated flow func-
tions are calculated using a Monte Carlo procedure. A num-
ber (say N, ) of realizations of the vector of errors € is ob-
tained using a pseudorandom number generator. Solving Eq.
14 for each vector of errors generated, N,,. sets of parameter
errors A are calculated. Then N,,. sets of parameter esti-
mates B, are obtained using Eq. 13.

To construct pointwise confidence intervals for the relative
permeability and capillary pressure functions, each of the N,
estimated functions were evaluated at a large number of se-

lected sets of saturation values, and the values ordered from
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lowest to highest. For example, the ordering for relative per-
meability i corresponding the saturation values S, and S, is

kri(S[,S”,ﬂlri) < k”‘(S]7S]I7ﬂ2ri) = < kri(sl’sll’ﬁlcinc)’
(15)

where Bj’i is an estimate of the parameters corresponding to
the representation for k,,. The 95% confidence intervals were
approximated by discarding the outer 5% of these calculated
values. The confidence intervals for the capillary pressure
functions were found in a similar fashion.

In this work, subroutines RNSET and RNNOA of the IMSL
library (1987) were used to generate pseudorandom numbers
with mean zero and variance one. The problem specified in
Eq. 14 was solved using subroutine LSEI (Hanson and
Haskell, 1982).

Results and Discussion

In this section, the methodology is demonstrated with sim-
ulated experimental data that are generated by adding ran-
dom errors to values calculated with the mathematical model
of the experiment. It is important to analyze the estimation
problem under these controlled conditions. Since the true
functions are known, we can test the extent to which we would
be able to recover them from a given experimental design.

We show that regions of the functions that are represented
by the measured data can be determined accurately using a
particular experimental design that could be implemented in
the laboratory. This is a significant finding. It indicates that
with a suitable experimental design, we should be able to de-
termine three-phase relative permeability and capillary pres-
sure functions. A priori assumptions regarding saturation de-
pendence or function shape or elimination of capillary effects
are not required.

Simulated experiment

The experimental data were simulated by adding random
errors to values calculated using a specified set of conditions
and properties in the mathematical model of the experiment,
that is,

Y=F(B)+e. (16)

These simulated data were used to estimate the flow func-
tions starting with some initial guess for the parameters. The
same conditions and properties were used to generate the
confidence intervals.

The simulated three-phase flow experiment is based on a
two-phase flow experiment with Berea sandstone studied by
Richmond (1988) and Velazquez (1992). Here, we use fluid
properties corresponding to water, oil, and gas phases. The
two-phase flow functions were used to guide the selection of
the three-phase functions. For example, Figure 1 shows the
water relative permeability curves corresponding to two mo-
bile phases. We extended the curves to obtain a smooth, rea-
sonable surface for the three-phase water relative permeabil-
ity function. The other three-phase flow functions were han-
dled in a similar manner. The actual functions specified are
discussed further below.
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Figure 1. Water relative permeability curves for two mo-
bile phases.

The specified (or true) water relative permeability is repre-
sented as the tensor product of quadratic B-splines with one
knot in each of the §,, and §, directions. The partition vec-
tors are y§VW=[O.15, 0.15, 0.15, 0.6, 1, 1, 1]7 and y§”ﬂ=[0, 0, 0,
0.4, 0.85, 0.85, 0.85)7, and there are sixteen spline coeffi-
cients. Using this representation, k,, = 0 at the residual wa-
ter saturation §,,, = 0.15. This condition can be seen in the
plot of &,,(S,, S,) shown in Figure 2. Although this figure
shows the k,, function as a surface with positive values in
the range 0 < 8§, <1 and 0 < §, < 1, for simulation purposes,
the function is used only for saturation values satisfying the
physically necessary condition that §,, + S, + S, =1. The in-
tersections of the surface with the planes S,,+5,=1and S,,
+ 8, =1 are the water relative permeability curves corre-
sponding to the water—~oil case and the water—gas case, re-
spectively.

The specified oil relative permeability is represented as the
tensor product of quadratic B-splines with one interior knot
in each direction; y¢ =[0, 0, 0, 0.4, 0.85, 0.85, 0.85]7, and
y¢ =[0.15, 0.15, 0.15, 0.6, 1, 1, 17, and there are 16 spline

Figure 2. Specified water relative permeability function.

1961



7

7]
il mn'l’l""'," l'

0.5

17 &
7o rasssaagnanaaiih, ’
5 ll!ﬂ’ll'l"'l"" [ 2
o (I T T .
be AT T >
T
e e g
7 = /: °. =
iy

Figure 3. Specified oil relative permeability function.

coefficients. In this representation k,, =0 at the residual oil
saturation §,, = 0.15. Figure 3 shows a plot of the oil relative
permeability function. The intersection of this function with
the planes S,,=0and S, + S, =1 are the oil relative perme-
ability curves for the two-phase cases, oil-gas and oil-water,
respectively. As for the water permeability, the function is
used for only saturation values satistying S,, + S, + 5, = 1.
Figure 4 shows the specified gas relative permeability func-
tion. This is represented as the tensor product of quadratic
B-splines with four interior knots in each direction; y§ =[O,
0, 0, 0.1, 0.25, 0.5, 0.75, 0.9, 0.9, 0.91" and y§ =I[0, 0, 0, 0.1,
0.25, 0.50, 0.75, 0.9, 0.9, 0.9]7, and there are 49 spline coeffi-
cients. This function becomes zero for values of §,<S,, =
0.1, where S, is the residual gas saturation. For this reason,
the cocfficients of the B-splines defined for values of satura-
tions greater than §,, + S, =1 are 0. These coefficients need
not be estimated in the parameter estimation procedure.

1VE PERMERBIL
0.6

0.4

RELAT

N
=

Figure 4. Specified gas relative permeability function.

1962

Figure 5. Specified oil-water capillary pressure func-
tion.

The specified oil-water capillary pressure (P, ) is repre-
sented as the tensor product of quadratic B-splines with par-
titions y§°* =[0, 0, 0, 0.4, 0.85, 0.85, 0.85)" and y§** =[0.15,
0.15, 0.15, 0.6, 1, 1, 117, and there are 16 coefficients. A plot
of this function is shown in Figure 5. The intersection of the
surface with the plane $, + S, =1 corresponds to the capil-
lary pressure curve for the oil-water case. As for the oil and
water relative permeabilities, this function has positive values
in the range 0< S, <1 and 0<S,<1, but for simulation
purposes, the function was used only for saturation values

satisfying S,, + S, + S, = 1.
The specified gas—oil capillary pressure (2,,,) is shown in

Figure 6. This is represented as the tensor product of
quadratic B-splines with partitions ygf® = [0, 0, 0, 0.15, 0.35,
0.55, 0.7, 0.85, 0.85, 0.85]" and y58° =0, 0, 0, 0.15, 0.3, 0.45,
0.63, 0.85, 0.85, 0.85]", and there are 49 coefficients.

We chose the operating conditions for the simulated exper-

iment to be similar to a case that could actually be per-
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Figure 6. Specified gas-oil capiliary pressure function
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Table 1. Properties of the Core Sample and Operating
Conditions for the Three-Phase Displacement Experiment

Core properties k 1,290 md
¢ 0.305
Length 7.62 cm
Area 5.06 cm?
S 0.15
Sre 0.15
rg 0
Operating conditions g, 0.006 cm34
t 0s
q, 0.006 cm’/s
£ 500 s
Ly 1.01 cp
M 3.28 cp
My 0.01 cp
Total oil and gas injected 0.536 PV

formed. Using the nomenclature introduced by Saraf et al.
(1982), a DDI displacement process is simulated; that is, wa-
ter saturation is increasing, oil saturation is decreasing, and
gas saturation is increasing.

Initially, we take the sample to have been flooded with wa-
ter to the residual oil saturation. We take oil to be injected,
as in a two-phase drainage experiment. At the breakthrough
time (around 500 s for this experiment), oil injection is taken
to be suspended and the gas phase is injected for another 500
s, just through the breakthrough time of the gas phase.
Therefore, the simulated experiment is for 1,000 s. Table 1
shows the properties of the fluid and the core sample, along
with the operating conditions for the three-phase displace-
ment experiment.

The simulated data consist of 200 values each of in situ
water and oil saturation values each 200 values each of in situ
oil and gas pressures, 100 values each of water and oil pro-
duction, and 100 values each of oil and gas pressure drop
(across the sample). Data were generated uniformly in the
range of time 0 <¢ <1,000 s, that is, the in sifu data were
generated every 5 s and the production and pressure drop
data every 10 s. The data were generated by calculating the
respective values using the specified multiphase flow func-
tions, and then adding random errors. The random errors
were computed by multiplying realizations of a pseudoran-
dom number from a normal distribution with zero mean and
unit variance with standard deviations for each of the respec-
tive types of measurements. The inverse of the squared stan-
dard deviations were used as weights in the minimization of
Eq. 9. This corresponds to normalizing the measured data so
that the variances of the measured data are unity. Thus, we
expect the minimum value of the objective function to be on
the order of the total number of experimental data, which is
1,200.

Results of the estimation procedure

This test case was simplified by only estimating those coef-
ficients corresponding to saturation regions for which in situ
saturation data are available. Of the 146 coefficients, only 45
corresponded to support in the region for which in situ satu-
ration data are available (11 of k,,,, 11 of k,,,, 6 of k,,, 11 of
P and 6 of P ). The remaining parameters in the B-

cow> cgo
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Figure 7. Distribution of saturation data represented in
the simulated three-phase displacement ex-
periment.

spline representations were kept at the specified values and
were not estimated. The saturation values represented by the
experimental data are indicated in Figure 7. Note that it is
desirable to develop an experimental design that will provide
for saturation measurements over a very large region.

The initial guesses for the parameters resulted in an initial
value of the objective function of 198,900. The minimum value
of the objective functions was obtained after 14 iterations.
The value was 1,262. This magnitude is consistent with the
value calculated using the specified functions, which was
1,285, and with the number of data (1,200). The estimates of
the functions will be discussed in the following subsection. In
the remainder of this section, we examine the extent to which
the data have been reconciled, and we also discuss some fea-
tures of the simulated experiment.

In Figures 8-13, plots of the simulated experimental data
are shown along with the corresponding values calculated with
the estimated functions. The calculated values represent pre-
dictions of the data, and are identified as such in the figures.
Figure 8 shows an excellent match of the simulated water
production data. Note that there is deviation from a straight
line as the time increases beyond 500 s, corresponding to oil
breakthrough in the two-phase drainage part of the experi-
ment. The oil production data, which are also matched well,
are shown in Figure 9. This figure also indicates the oil
breakthrough time. Significant amounts of oil are produced
after the gas is injected.

The oil pressure drop data are plotted in Figure 10. This
figure shows the excellent match of the simulated data with
the estimated functions. As expected, when a less mobile fluid
(oil) displaces a more mobile fluid (water), the pressure drop
increases; after the breakthrough time, the saturation of the
less mobile fluid increases and its relative permeability is
higher; consequently, the pressure drop decreases. The calcu-
lated gas-pressure-drop values also show an excellent match
of the simulated data, as can be seen in Figure 11. In this
figure, the data are plotted for values of £ > 500 s, the time
for which the gas phase is injected. The decrease in the gas
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Figure 8. Water production in the simulated three-phase
displacement experiment.

pressure drop occurs because the gas phase has a higher per-
meability than the oil and water phases, and therefore flows
at the same rate with lower pressure drop in accordance with
Darcy’s law.

Figure 12 shows simulated and calculated water saturation
profiles corresponding to several times. Each diamond corre-
sponds to a simulated datum; the data corresponding to a
specific time are connected with a solid line, and the corre-
sponding values calculated using the estimated functions are
connected with a dashed line. The spatial position at which
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Figure 9. Oii production in the simulated three-phase
displacement experiment.
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Figure 10. Oil-pressure drop in the simulated three-
phase displacement experiment.

we took in situ data to be available were at positions 0.1, 0.2,
..., 0.9. For clarity of presentation, only eight of the twenty-
two profiles are shown. The saturation data were well recon-
ciled. The four highest profiles correspond to the time for
which oil is injected (¢+ <500 s). The remaining four profiles
correspond to the time for which gas is injected (500 <¢ <
1,000 s). In the figure, we can also observe the capiilary end
effect. This effect occurs since the water is taken to be the
wetting phase; at the outlet face of the core sample, P, =0
at §,, =0.15.

(oo  BALAMRAAAA REAAARARAY RARAS AL RS RARARARRES RASRELS]

~ 0.08
£
2
o
o
o
o
¥ 0.06
>
0
0
[¥8]
@
o
17
3

0.04

| —  EXPERIMENTAL
______ PREDICTED 4
P.
[sXe )3 FIESESUTE FISTTTVITE FEUTE TN SUTTUTITTS PP
500 600 700 800 900 1000
TIME (sec)

Figure 11. Gas-pressure drop in the simulated three-
phase displacement experiment.
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Figure 12. Water-saturation data in the simulated three-
phase displacement experiment.

Four oil-saturation profiles are shown in Figure 13 corre-
sponding to the time for which gas is injected (¢ > 500 s).
These profiles show the depletion of the oil phase by the
injected gas. This figure shows that the simulated data are
well reconciled by calculations with the estimated properties.

Accuracy of the estimated flow functions

Pointwise confidence intervals were computed for the esti-
mated flow functions using the reported procedures. For each
property, two surfaces corresponding to upper and lower
confidence intervals can be generated. There are two other
surfaces of interest, namely the true and estimated proper-
ties. Presentation of multiple surfaces would not be instruc-
tive. Instead, we can view these as projections on a plane
corresponding to a fixed value of one of the saturations. In
the following paragraphs we discuss the accuracy of the esti-
mated oil relative permeability and oil-water capillary pres-
sure in the planes S, = 0.1 and S, = 0.3. We obtained similar
results for the other relative permeability and capillary pres-
sure functions.
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Figure 13. Oil-saturation data in the simulated three-

phase displacement experiment for t > 500 s.
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Figure 14, Estimated oil relative permeability and confi-
dence intervals in the plane §4=0.10.

Figure 14 shows the estimated and true oil relative perme-
abilities corresponding to S, = 0.1, along with the confidence
intervals. This shows that an accurate estimate was obtained.
The confidence intervals show that the oil relative permeabil-
ity can be determined accurately in the range for which in
situ saturation data are available (S, = 0.43). The confidence
intervals converge to zero at the value of S,, = 0.15, where
the relative permeability was constrained to be zero.

Figure 15 shows plots of the estimated and true oil relative
permeability and its confidence intervals in the plane S, = 0.3.
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Figure 15. Estimated oil relative permeability and confi-
dence intervals in the plane S, =0.30.
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The results are similar to those for the previous figure. The
oil relative permeability can be estimated accurately in the
region for which saturation data are available (S, > 0.28).
The estimated and true oil-water capillary pressure and
confidence intervals corresponding to the value S, = 0.1 are
plotted in Figure 16, and those corresponding to the value
S$,=0.3 are shown in Figure 17. Both figures show that the
capillary pressure function can be estimated accurately in sat-
uration regions for which saturation data are available (i.e.,

S, =04 and S, > 0.28, respectively).
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Figure 17. Estimated oil-water capillary pressure and
confidence intervals in the plane S =0.30.
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Conclusions

1. Methodology was presented to estimate simultancously
three-phase relative permeability and capillary pressure func-
tions from displacement experiments. The methodology is
quite general and can be used with many different experi-
mental designs or conditions. No special assumptions regard-
ing the saturation dependence or shape of the multiphase
flow functions are made.

2. The procedure was demonstrated with simulated experi-
mental data. An analysis of the accuracy of the estimated
properties showed that with a suitable experimental design,
all the properties can be accurately estimated in saturation
regions for which measurements are available.
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Notation

A =sensitivity matrix
al , =coefficient k,! in tensor—spline representation of relative per-
~ meability to phase {
¢/ =coefficient & of capillary pressure function between phases i
~and j
¢/, =coefficient k,! in tensor-—spline representation of capillary
pressure between phases i and j
G = matrix of constraints
g = gravity constant
g =righthand side of inequality constraints
g, =unit conversion constant
H =objective function for the error analysis
J = objective function
k = absolute permeability of core sample
N,; =number of coefficients in relative permeability representation
of phase i
=number of coefficients in capillary pressure representation
(between phases i and j)
N,.. =number of Monte Carlo simulations
4, =injection rate of phase i, cm/s
g; =source or sink of phase i, s™!
V, =formation volume factor of phase i
z =dimension of the core, dimensionless

N,

cij

Greek letters

u; =viscosity of phase i, cp
p; =density of phase i, g/cm?
¢ =porosity of core sample

Subscripts and superscripts

¢ =capillary
¢21 =capillary between phase 2 and 1
¢32 =capillary between phase 3 and 2
e =estimated
r =relative
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